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Why a part on linear regression

I OLS can be seen as a simple machine learning technique
I Some other machine learning concepts are based on regression

(e.g. regularization).
I We would like to remind you how simple regression works in R.
I We also want to show the constraints
I In a next step we will learn, how to coop with these constraints
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The Ames Iowa Housing Data
The dataset describes the sale of individual residential property in Ames,
Iowa from 2006 to 2010.

ames_data <- AmesHousing::make_ames()

Some Variables
I Gr_Liv_Area: Above grade (ground) living area square feet
I TotRms_AbvGrd: Total rooms above grade (does not include

bathrooms
I MS_SubClass: Identifies the type of dwelling involved in the sale.
I MS_Zoning: Identifies the general zoning classification of the sale.
I Lot_Frontage: Linear feet of street connected to property
I Lot_Area: Lot size in square feet
I Street: Type of road access to property
I Alley: Type of alley access to property
I Lot_Shape: General shape of property
I Land_Contour: Flatness of the propert
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Exercise: regression Ames housing data

1) Install the package AmesHousing and create a processed version of
the Ames housing data with (at least) the variables Sale_Price,
Gr_Liv_Area and TotRms_AbvGrd

2) Create a regression model with Sale_Price as dependent and
Gr_Liv_Area and TotRms_AbvGrd as independent variables. Then
create seperated models for the two independent variables. Compare
the results. What do you think?
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The sale price
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A simple regression model

Dependent variable - Sale_Price
I the sale price of houses

Independent variable - Gr_Liv_Area
m1 <- lm(Sale_Price ~ Gr_Liv_Area,data=ames_data)
m1
##
## Call:
## lm(formula = Sale_Price ~ Gr_Liv_Area, data = ames_data)
##
## Coefficients:
## (Intercept) Gr_Liv_Area
## 13289.6 111.7
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Get the model summary
summary(m1)

##
## Call:
## lm(formula = Sale_Price ~ Gr_Liv_Area, data = ames_data)
##
## Residuals:
## Min 1Q Median 3Q Max
## -483467 -30219 -1966 22728 334323
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 13289.634 3269.703 4.064 4.94e-05 ***
## Gr_Liv_Area 111.694 2.066 54.061 < 2e-16 ***
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 56520 on 2928 degrees of freedom
## Multiple R-squared: 0.4995, Adjusted R-squared: 0.4994
## F-statistic: 2923 on 1 and 2928 DF, p-value: < 2.2e-16
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The model formula

Model without intercept
m2 <- lm(Sale_Price ~ - 1 +Gr_Liv_Area,data=ames_data)
summary(m2)$coefficients
## Estimate Std. Error t value Pr(>|t|)
## Gr_Liv_Area 119.6517 0.6615846 180.8563 0

Adding further variables
m3 <- lm(Sale_Price ~ Gr_Liv_Area + TotRms_AbvGrd,

data=ames_data)
summary(m3)$coefficients
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 42767.6361 4372.532783 9.780976 2.967720e-22
## Gr_Liv_Area 139.4075 3.447581 40.436332 2.058869e-284
## TotRms_AbvGrd -11025.8696 1107.960753 -9.951498 5.730058e-23
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Further possibilities to specify the formula

Take all available predictors
m3_a<-lm(Sale_Price~.,data=ames_data)

Interaction effect
# effect of cyl and interaction effect:
m3a<-lm(Sale_Price~Lot_Area*Bedroom_AbvGr,data=ames_data)

# only interaction effect:
m3b<-lm(Sale_Price~Lot_Area:Bedroom_AbvGr,data=ames_data)

Take the logarithm
m3d<-lm(Sale_Price~log(Lot_Area),data=ames_data)
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Residual plot - model assumptions violated?
I We have model assumptions violated if points deviate with a pattern

from the line

plot(m3,1)
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Residual plot
plot(m3,2)

−3 −2 −1 0 1 2 3

−
10

0
5

Theoretical Quantiles

S
ta

nd
ar

di
ze

d 
re

si
du

al
s

lm(Sale_Price ~ Gr_Liv_Area + TotRms_AbvGrd)

Normal Q−Q

1499
21812182

I If the residuals are normally distributed, they should be on the same
line.
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Another example for object orientation

I m3 is now a special regression object
I Various functions can be applied to this object

predict(m3) # Prediction
resid(m3) # Residuals

## 1 2 3 4 5 6
## 196445.4 112547.4 161885.0 248710.6 203707.3 189196.2

## 1 2 3 4 5 6
## 18554.583 -7547.434 10114.975 -4710.566 -13807.284 6303.774
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Make model prediction

pre <- predict(m1)
head(mtcars$mpg)

## [1] 21.0 21.0 22.8 21.4 18.7 18.1

head(pre)

## 1 2 3 4 5 6
## 198254.9 113367.5 161731.0 248964.0 195239.2 192446.8
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Regression diagnostic with base-R

Visualizing residuals
plot(mtcars$wt,mtcars$mpg)
abline(m1)
segments(mtcars$wt, mtcars$mpg, mtcars$wt, pre, col="red")
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The mean squared error (mse)

I The MSE measures the average of the squares of the errors
I The lower the better

(mse5 <- mean((mtcars$mpg - pre)^2)) # model 5

## [1] 35866849640

(mse3 <- mean((mtcars$mpg - predict(m3))^2))

## [1] 35971337573

Package Metrics to compute mse
library(Metrics)
mse(mtcars$mpg,predict(m3))
## [1] 35971337573
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The visreg-package

install.packages("visreg")

library(visreg)
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The visreg-package

I The default-argument for type is conditional.
I Scatterplot of mpg and wt plus regression line and confidence bands

visreg(m1, "wt", type = "conditional")
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Regression with factors

I The effects of factors can also be visualized with visreg:

mtcars$cyl <- as.factor(mtcars$cyl)
m4 <- lm(mpg ~ cyl + wt, data = mtcars)
# summary(m4)

## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 33.990794 1.8877934 18.005569 6.257246e-17
## cyl6 -4.255582 1.3860728 -3.070244 4.717834e-03
## cyl8 -6.070860 1.6522878 -3.674214 9.991893e-04
## wt -3.205613 0.7538957 -4.252065 2.130435e-04
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Effects of factors

par(mfrow=c(1,2))
visreg(m4, "cyl", type = "contrast")
visreg(m4, "cyl", type = "conditional")
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The package visreg - Interactions

m5 <- lm(mpg ~ cyl*wt, data = mtcars)
# summary(m5)

## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 39.571196 3.193940 12.3894599 2.058359e-12
## cyl6 -11.162351 9.355346 -1.1931522 2.435843e-01
## cyl8 -15.703167 4.839464 -3.2448150 3.223216e-03
## wt -5.647025 1.359498 -4.1537586 3.127578e-04
## cyl6:wt 2.866919 3.117330 0.9196716 3.661987e-01
## cyl8:wt 3.454587 1.627261 2.1229458 4.344037e-02
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Control of the graphic output with layout.
visreg(m5, "wt", by = "cyl",layout=c(3,1))
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The package visreg - Interactions overlay
m6 <- lm(mpg ~ hp + wt * cyl, data = mtcars)

visreg(m6, "wt", by="cyl", overlay=TRUE, partial=FALSE)
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The package visreg - visreg2d
visreg2d(m6, "wt", "hp", plot.type = "image")
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Multicollinearity
I As p increases we are more likely to capture multiple features that

have some multicollinearity.
I When multicollinearity exists, we often see high variability in our

coefficient terms.
I E.g. we have a correlation of 0.801 between Gr_Liv_Area and

TotRms_AbvGrd
I Both variables are strongly correlated to the response variable

(Sale_Price).

ames_data <- AmesHousing::make_ames()
cor(ames_data[,c("Sale_Price","Gr_Liv_Area","TotRms_AbvGrd")])

## Sale_Price Gr_Liv_Area TotRms_AbvGrd
## Sale_Price 1.0000000 0.7067799 0.4954744
## Gr_Liv_Area 0.7067799 1.0000000 0.8077721
## TotRms_AbvGrd 0.4954744 0.8077721 1.0000000
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Effects of multicollinearity

lm(Sale_Price ~ Gr_Liv_Area + TotRms_AbvGrd, data = ames_data)

##
## Call:
## lm(formula = Sale_Price ~ Gr_Liv_Area + TotRms_AbvGrd, data = ames_data)
##
## Coefficients:
## (Intercept) Gr_Liv_Area TotRms_AbvGrd
## 42767.6 139.4 -11025.9

I When we fit a model with both these variables we get a positive
coefficient for Gr_Liv_Area but a negative coefficient for
TotRms_AbvGrd, suggesting one has a positive impact to Sale_Price
and the other a negative impact.
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Seperated models
I If we refit the model with each variable independently, they both show

a positive impact.
I The Gr_Liv_Area effect is now smaller and the TotRms_AbvGrd is

positive with a much larger magnitude.

lm(Sale_Price ~ Gr_Liv_Area, data = ames_data)$coefficients

## (Intercept) Gr_Liv_Area
## 13289.634 111.694

lm(Sale_Price ~ TotRms_AbvGrd, data = ames_data)$coefficients

## (Intercept) TotRms_AbvGrd
## 18665.40 25163.83

I This is a common result when collinearity exists.
I Coefficients for correlated features become over-inflated and can

fluctuate significantly.
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library(GGally)
ggpairs(ames_data[,c("Sale_Price","TotRms_AbvGrd","Gr_Liv_Area")])

Corr:

0.495

Corr:

0.707

Corr:

0.808

Sale_Price TotRms_AbvGrd Gr_Liv_Area

S
ale_P

rice
TotR

m
s_A

bvG
rd

G
r_Liv_A

rea

0e+002e+054e+056e+05 4 8 12 10002000300040005000

0e+00
2e−06
4e−06
6e−06
8e−06

4

8

12

1000
2000
3000
4000
5000

Jan-Philipp Kolb
Machine Learning: Regression in R



Consequences

I One consequence of these large fluctuations in the coefficient terms is
overfitting, which means we have high variance in the bias-variance
tradeoff space.

I We can use tools such as variance inflaction factors (Myers, 1994)
to identify and remove those strongly correlated variables, but it is
not always clear which variable(s) to remove.

I Nor do we always wish to remove variables as this may be removing
signal in our data.
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The problem - Overfitting

I Our model doesn’t generalize well from our training data to unseen
data.
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What can be done against overvitting

I Cross Validation
I Train with more data
I Remove features
I Regularization - e.g. ridge and lasso regression
I Ensembling - e.g. bagging and boosting
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Cross validation

I Cross-validation is a powerful preventative measure against overfitting.
I Use your initial training data to generate multiple mini train-test

splits. Use these splits to tune your model.
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Cross Validation in R

Split data into training and testing dataset
library(caret)
library(tidyverse)
training.samples <- ames_data$Sale_Price %>%
createDataPartition(p = 0.8, list = FALSE)
train.data <- ames_data[training.samples, ]
test.data <- ames_data[-training.samples, ]
nrow(train.data) # used to train (i.e. build) the model
## [1] 2346
nrow(test.data) # used to test (i.e. validate) the model
## [1] 584

# by estimating the prediction error.
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Build the model and make predictions
model <- lm(Sale_Price ~ Gr_Liv_Area + TotRms_AbvGrd,

data = train.data)
# Make predictions and compute the R2, RMSE and MAE
(predictions <- model %>% predict(test.data))

## 1 2 3 4 5 6 7 8
## 109790.24 161208.48 214778.75 124731.14 179665.14 165422.99 222682.23 160481.84
## 9 10 11 12 13 14 15 16
## 152488.80 404113.29 181381.19 251692.07 210010.81 126648.29 135921.40 171353.55
## 17 18 19 20 21 22 23 24
## 202045.65 205650.97 187512.85 122551.22 277297.69 123160.42 179955.79 143595.90
## 25 26 27 28 29 30 31 32
## 169346.85 110371.55 163824.38 149872.89 226874.76 166149.63 243324.72 130717.48
## 33 34 35 36 37 38 39 40
## 218674.72 98164.00 115256.94 230356.73 201989.88 181872.94 146150.13 134322.79
## 41 42 43 44 45 46 47 48
## 199340.19 200737.70 173561.36 172661.51 178329.30 115485.92 208149.43 152662.01
## 49 50 51 52 53 54 55 56
## 229803.31 124267.27 144495.75 166412.40 140253.36 164377.81 152689.90 138274.54
## 57 58 59 60 61 62 63 64
## 138274.54 138274.54 164959.12 220675.53 188731.25 263989.18 173125.38 204633.67
## 65 66 67 68 69 70 71 72
## 300349.07 230356.73 152751.57 139554.60 120661.96 123015.09 181526.52 160191.18
## 73 74 75 76 77 78 79 80
## 179665.14 101070.56 366853.54 250121.35 227103.75 309130.43 270819.60 201464.34
## 81 82 83 84 85 86 87 88
## 160481.84 204370.90 182543.81 167748.24 161443.36 151588.94 236287.30 199983.18
## 89 90 91 92 93 94 95 96
## 312612.40 300812.94 225415.58 197512.60 164668.47 231491.47 295407.92 160308.62
## 97 98 99 100 101 102 103 104
## 213208.03 211872.19 249366.82 253436.01 224543.61 191872.69 93513.50 110489.00
## 105 106 107 108 109 110 111 112
## 105139.74 134322.79 105139.74 211609.42 181845.06 179083.83 225762.01 172952.16
## 113 114 115 116 117 118 119 120
## 156295.21 114004.75 171409.33 186786.21 207305.35 245180.19 181872.94 209138.84
## 121 122 123 124 125 126 127 128
## 134322.79 172717.28 144641.08 168910.86 141181.10 203471.05 120835.17 124731.14
## 129 130 131 132 133 134 135 136
## 290494.65 268729.23 119208.68 169374.73 119208.68 233263.30 162661.76 139990.59
## 137 138 139 140 141 142 143 144
## 134904.10 127838.80 127112.16 161063.15 166177.52 236723.28 176177.27 129437.41
## 145 146 147 148 149 150 151 152
## 268986.10 204432.57 233201.62 135485.42 129672.30 201145.80 202861.85 193644.51
## 153 154 155 156 157 158 159 160
## 196903.40 206260.17 88745.56 132025.43 194432.83 174025.23 249540.03 350079.15
## 161 162 163 164 165 166 167 168
## 350079.15 189201.02 223671.65 155540.69 123451.08 176031.94 163852.27 91188.25
## 169 170 171 172 173 174 175 176
## 222218.37 205941.63 189374.23 171062.90 175305.30 123540.63 131561.56 106883.68
## 177 178 179 180 181 182 183 184
## 155747.68 128274.79 119091.24 140834.67 244453.55 190246.20 146530.35 173678.80
## 185 186 187 188 189 190 191 192
## 163388.40 225594.70 108800.83 166613.50 144931.74 114558.18 190917.07 106766.24
## 193 194 195 196 197 198 199 200
## 138129.21 107900.98 193734.07 170190.93 231955.34 204924.33 173879.90 230356.73
## 201 202 203 204 205 206 207 208
## 213381.24 189430.00 150772.75 121243.27 173879.90 123015.09 216578.46 332902.55
## 209 210 211 212 213 214 215 216
## 185450.37 188675.48 160655.05 176557.48 220010.56 196495.30 253117.46 327262.64
## 217 218 219 220 221 222 223 224
## 252972.14 260702.41 271104.35 284944.30 214460.21 217394.65 218093.41 138827.96
## 225 226 227 228 229 230 231 232
## 129962.95 200709.82 208876.07 153824.63 122579.11 326916.22 160509.72 153969.96
## 233 234 235 236 237 238 239 240
## 113250.23 220999.97 138509.42 85520.46 130136.17 209546.94 166004.30 179927.91
## 241 242 243 244 245 246 247 248
## 103423.69 144786.41 194488.60 88745.56 194432.83 150599.53 152488.80 171409.33
## 249 250 251 252 253 254 255 256
## 153796.75 190682.18 110226.23 114440.74 198848.44 234425.92 336826.41 119264.45
## 257 258 259 260 261 262 263 264
## 143914.44 232972.64 190391.53 102697.05 179782.58 158156.59 130661.71 170045.60
## 265 266 267 268 269 270 271 272
## 141270.65 88745.56 206668.27 178038.64 138565.19 155222.14 141035.77 287325.32
## 273 274 275 276 277 278 279 280
## 238294.01 190363.64 150191.43 128682.89 135949.29 259103.80 239512.40 271719.45
## 281 282 283 284 285 286 287 288
## 179782.58 153740.98 197976.47 195360.57 168156.34 125832.10 106766.24 718955.47
## 289 290 291 292 293 294 295 296
## 135485.42 135485.42 155831.34 171934.87 206260.17 189519.56 205740.53 229020.90
## 297 298 299 300 301 302 303 304
## 232391.33 129554.85 98164.00 104150.33 130952.36 105139.74 219658.23 130544.26
## 305 306 307 308 309 310 311 312
## 217104.00 195768.66 162315.33 198876.32 165831.09 140370.80 142461.16 123160.42
## 313 314 315 316 317 318 319 320
## 126765.74 94150.59 109672.80 98164.00 268114.14 193761.96 290667.87 131997.54
## 321 322 323 324 325 326 327 328
## 150918.07 183063.45 162779.20 165831.09 231200.82 240065.83 218758.38 145367.72
## 329 330 331 332 333 334 335 336
## 123914.95 126765.74 118800.58 123160.42 202744.41 194024.73 243726.91 250238.79
## 337 338 339 340 341 342 343 344
## 166004.30 197249.83 172253.41 173969.46 173824.13 156647.54 157284.62 168156.34
## 345 346 347 348 349 350 351 352
## 150890.19 189692.77 206522.94 152869.01 195478.01 327698.63 291657.28 293546.54
## 353 354 355 356 357 358 359 360
## 192163.35 221899.82 253782.43 202017.77 202744.41 205477.76 215594.95 109499.59
## 361 362 363 364 365 366 367 368
## 320314.78 215270.51 176059.82 186204.90 191464.59 151236.62 196696.40 288314.73
## 369 370 371 372 373 374 375 376
## 279774.16 199720.41 126911.06 120952.61 156004.55 124004.50 174723.98 122841.88
## 377 378 379 380 381 382 383 384
## 133450.82 142461.16 164232.48 220854.64 168038.90 178038.64 302439.44 166121.75
## 385 386 387 388 389 390 391 392
## 121533.93 197367.27 135776.07 117347.30 119208.68 114558.18 114004.75 119264.45
## 393 394 395 396 397 398 399 400
## 154232.73 191000.72 224834.27 111651.62 138101.32 225560.91 104094.56 119091.24
## 401 402 403 404 405 406 407 408
## 156412.65 120225.97 138682.63 120924.73 133886.81 217858.52 214080.00 181990.39
## 409 410 411 412 413 414 415 416
## 261663.93 207858.78 301684.91 206142.72 108046.31 148682.38 103686.46 163388.40
## 417 418 419 420 421 422 423 424
## 289130.93 127028.51 129090.98 167893.57 183734.32 116620.66 106855.80 109499.59
## 425 426 427 428 429 430 431 432
## 177747.99 160627.17 171644.21 154495.50 341795.45 254162.65 241111.01 321511.19
## 433 434 435 436 437 438 439 440
## 173678.80 181235.86 256225.12 268142.02 217366.77 232883.08 123451.08 187457.08
## 441 442 443 444 445 446 447 448
## 114703.51 235705.99 199692.52 180101.12 152516.68 191291.38 152896.89 98164.00
## 449 450 451 452 453 454 455 456
## 604934.64 105139.74 117347.30 174723.98 213498.68 165249.78 163796.50 245906.83
## 457 458 459 460 461 462 463 464
## 318341.86 284854.75 233727.16 194488.60 183734.32 247388.00 173242.82 214661.31
## 465 466 467 468 469 470 471 472
## 130717.48 94150.59 201755.00 98164.00 109672.80 128392.23 193091.09 214052.11
## 473 474 475 476 477 478 479 480
## 270003.40 214661.31 256515.78 255006.73 302618.55 221927.71 250792.22 196813.85
## 481 482 483 484 485 486 487 488
## 240121.60 203208.28 258259.72 197920.70 289885.46 249948.13 228495.36 221754.50
## 489 490 491 492 493 494 495 496
## 195505.89 166876.27 210184.02 173969.46 181526.52 160945.71 186931.54 449137.09
## 497 498 499 500 501 502 503 504
## 236169.86 250909.66 133886.81 190072.98 189519.56 111651.62 115458.03 104821.20
## 505 506 507 508 509 510 511 512
## 145686.26 165478.76 168910.86 185187.60 110489.00 165831.09 137575.78 117375.18
## 513 514 515 516 517 518 519 520
## 164813.79 133277.61 175249.53 126765.74 137575.78 225734.12 193499.19 130717.48
## 521 522 523 524 525 526 527 528
## 119208.68 135194.76 138045.55 126419.31 197249.83 199055.44 135133.09 139873.14
## 529 530 531 532 533 534 535 536
## 224225.07 194896.70 123277.86 119208.68 207892.56 205276.66 142108.84 194779.25
## 537 538 539 540 541 542 543 544
## 172806.84 305435.55 154322.29 156122.00 224834.27 208557.53 200011.06 134669.22
## 545 546 547 548 549 550 551 552
## 139437.16 185187.60 169782.83 120689.84 105139.74 208440.09 231318.26 249802.81
## 553 554 555 556 557 558 559 560
## 125832.10 203616.38 202190.98 162225.77 115603.36 117118.31 134004.25 105139.74
## 561 562 563 564 565 566 567 568
## 138218.76 246113.83 74967.29 202224.77 183007.68 187512.85 181817.17 151063.40
## 569 570 571 572 573 574 575 576
## 199401.86 178882.73 269975.52 173734.57 85520.46 237969.56 163858.17 216142.47
## 577 578 579 580 581 582 583 584
## 162661.76 310404.59 106593.02 138274.54 196176.76 134440.24 169928.16 224197.19
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Model with cross validation

I Loocv: leave one out cross validation

train.control <- caret::trainControl(method = "LOOCV")

# Train the model
model2 <- train(Sale_Price ~ Gr_Liv_Area + TotRms_AbvGrd,

data = train.data, method = "lm",
trControl = train.control)

model2 %>% predict(test.data)
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https://machinelearningmastery.com/how-to-estimate-model-accuracy-in-r-using-the-caret-package/


Links - linear regression

I Regression - r-bloggers
I The complete book of Faraway- very intuitive
I Good introduction on Quick-R
I Multiple regression
I 15 Types of Regression you should know
I ggeffects - Create Tidy Data Frames of Marginal Effects for

‘ggplot’ from Model Outputs
I Machine learning iteration

Jan-Philipp Kolb
Machine Learning: Regression in R

http://www.r-bloggers.com/r-tutorial-series-simple-linear-regression/
http://cran.r-project.org/doc/contrib/Faraway-PRA.pdf
http://www.statmethods.net/stats/regression.html
https://www.r-bloggers.com/multiple-regression-part-1/
https://www.r-bloggers.com/15-types-of-regression-you-should-know/
https://strengejacke.github.io/ggeffects/
https://strengejacke.github.io/ggeffects/
https://elitedatascience.com/machine-learning-iteration


Shiny App - Diagnostics for linear regression
I Shiny App - Simple Linear Regression
I Shiny App - Multicollinearity in multiple regression
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https://gallery.shinyapps.io/simple_regression/
figure/https://gallery.shinyapps.io/collinearity/
https://gallery.shinyapps.io/slr_diag/

